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VALUES OF INTEGRALS IN TERMS OF #, 
Dy J. W. L. Glaisher. 
81. THE investigations contained in the present paper, 
which relates principally to the expansion of definite integrals 
in powers of 4, were suggested by some of the formule in the 


preceding paper, in which corresponding expansions in powers 
of X were obtained, 


x 
The derivative of | su"u cn"u dn'u du, $$ 2-4. 


$2. The formula 


E af aud SED f udu 


which was proved in § 2 of the Bs paper (p. 110), may 
be generalised in the tollowing manner. 
Putting sn u =z}, we find 


x 
i sn" u en"u dn?u du = ij , gi" (1— 2)" (1— hx) idx. 


Expanding nv in ascending powers of A, the 
coefficient of 4” in this integral 
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We thus find 
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The series in brackets is equal to the hypergeometric series 
F(a, By y, A), if 
m+1 1—» m+n 


a i x ul 


so that we may write the formula 


+1, 
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Putting m+2 and p —2 for m and p in the formula 
proved above, we have | 
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whence we find 
d 
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or, since dX = — 2dh, 
d K m n DP -1 = m+2 n 2 
x | su"ucn'u dn?*udu —*—— | sn™?ucn“u dn??u du. 
dx 
9 4 9 


In order that the integrals may be finite it is only necessary 
that m and n should both be > — 1. 

It is curious that the external factor on the right-hand side 
of the equation should be independent of m and n, and that 
the exponent of en should be the same in both integrals. 

83. By putting p = — m, the formula becomes 

x x 
al ad"u en"u du e — 7 * 1 [sau en*u du, 
dA J, 4 Jy 


We thus see that the formula in $ 2 is unaltered by intro- 
ducing the function en" under the integral sign. 


$4. The formula in $2 may also be expressed in the 
forma: 


x K 
x Î sd"u cd"u nd?u du re | ad" *’u cd"u nd*u du, 
m and n being both > -1; 


a sc™u nc'u deu du = EL fus nc"u de? *u du, 
m being >~ Landm+n+p<1; 
A f rs cau ds?u du = UI (id ns"u csu ds?u du, 
n being > — 1 and. +n 4 p <1. 


Particular cases of the general series, §§ 5—10. 


$5. By putting p —— in the general formula of $2, 
we find 
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whence, putting n — — m and replacing m by n, 
Xy muc T 
aetna) d aeri 
o \cnu dnu 2 cosènT 


x fı HL OTI CT page). 


In this formula n must lie between — 1 and + 1. 


$6. Similarly, by putting p =m in the general formula, 
we find 
m+l n+1 
den 
ar (+ 1) 


ln (1! — m) (3! — m^) K4 &e} : 


K 
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whence, putting m — — n, 
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In this formula also n must lie between + 1 and — 1. 


§ 7. The series in the last formula is unaltered by changing 
the sign of n. This is as it should be, for by substituting 
K- u for u in the integral, we find | 


Kf mu y X /snu dn uy” 
Î (aes) du= [| ( chu ) du 
§8. By putting Æ-—u for u in the last formula of § 4, 
we find 
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and also, by changing the sign of n in the same formula, 


ec r n Be =) 


Ja suu 2 cosinm | 2° 


y GENIC =)! hi + £o. 1 


gy 4" 
In these formule » must lie between + 1 and — 1. 
$9. It is easily shown that these two results are con- 
sistent with each other, for by putting 


M doa n+l 
"m mw o B= sgp =G 2s h 


in the formula 
F(y-a, y — 8, y, 2) = 0 — 2) Fla B, y, 2), 
we deduce 


F(t 1 cui, Dur, PE h), 


ES 2 


which is the result obtained by equating the two values 
of the integral. 


$10. In connexion with the results in §§ 5-8, we may 
also notice the formula 
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In the first of these equations 2 must be > — 1, and in the 


second » mnst be <1. Both integrals are unaltered by 
substituting A= u for w. 
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LU x Uu 
Series for | sn"udu, &c. in ascending powers of h, $6 11, 12. 
o 


§11. By giving special values to m, n, p in the general 
formula of § 2, we obtain the following system of results, 
which is perhaps worth placing on record ; 
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K - 
| udu — 2 f-t 


2 cos án 2" 
1.3(n—1)(n—3),, 
+ Re À -&e) . 


In the formule involving sn, en, cd, sd, n must be» —1; 
in those involying de, nc, ns, ds, n must be < 1; in those in- 
volving dn and nd, n is unrestricted; and in those involving 
sc and cs, n must lie between + 1 and — 1. "These conditions 
must be satisfied in order that the integrals may be finite, It 
will be noticed that when n is intermediate to + 1 and — 1 all 
the twelve integrals are finite, 


The case n 20, $12. 


§ 12. When n=0, all the twelve formule reduce to 
wif, ee Ie". Fine abs. 
Kas i*z** FA tarp’ +&e}. 
m ; c K/ sne \" 
This is also the case with the series for | ( ) du, &c. 
in §§ 5-10. o \cnudnu 
All of these series may therefore be regarded as generali- 
sations of the above well-known series for K. 


The case n =1, § 13. 


§ 13, Since 
J| snm 3 tog 1 “sdudu= po, 
fonds =}, [aude g log oe 
Jnd - 7, f» udu- 7, 
we find, by putting n=1 in the formule of § 10, 
glg itor Da EI EA + Go, 
Feit hi + rg x I? + &c,, 


www.rcin.org.pl 


DR. GLAISHER, VALUES OF INTEGRALS IN TERMS OF 47. 153 


4? 
Bt = EX + &e., 


i= =] +5 m 71 
T T ! 44 s 
2g — 2 E. gui e^ tée, 
which are very easily verified. 
The case n=2, §14. 
§ 14. Similarly, since 
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we find, by putting n —2 
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which are all known formule, 
The case m=n=p, § 15. 


$15. The formula obtained by putting m=n=p in the 
general theorem is perhaps worth notice, It may be written 
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n being >—1. Thus the value of the integral can be 
expressed in a finite form in powers of A, when n is an uneven 
integer. 

When n=0 this series also reduces to the well-known 
expression for A, § 12. 


The general hypergeometric series, $8 16, 17. 


816. In the general formula of § 2 let 


m+1 —p+l m+n 
op z =f, 3 


whence m=2a-1, peo d n=2y-2a—1, 


Tie 


Thus the general formula becomes 
K 
1 (enu) (en u) (dn u) du 


"9 
SCENE a (a+ 1) 8(8+1) 
a EE ES de W+ Ge. 
2r (y) i Uo X»Gen (|j 
and we see that the hypergeometric series 
F(a, B, y, A) 
is represented by the expression 
2T (y) [E (sn u) (enu)? du 
P)rq-9), (Qm 77 
Tn order that this integral may be finite, a must be positive 
and y> a, but there is no restriction attached to 8. 


Since the series is unaltered by the interchange of a and 8 
the series may also be represented by the expression 


pe ae K (sn uA oni wa 
T (B) E-E) Jo (duw)* 
in which @ is unrestricted, but 8 and y must be positive and 
y>B. 


du, 


$17. Taking the first form of the integral, it is evident 
that it may be written in the form 


ils (sc u)” (nd u)? (en u) du 
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in which the exponents a, 8, y are attached to separate 
functions, 


Putting K-— u for u in this integral, it becomes 
K 
ME f (csu) (dn u)? (sd uw)? "du. 


This form of the integral may also be obtained from the 
series by means of the transformation 
F(y—a, y-8,y2)-(1- zy"? F (a, B, y, x). 


I have not examined in any detail the other expressions to 
which the well-known transformations of a hypergeometric 
series give rise, 


Particular cases of the general result, 8$ 18-21. 


§ 18. By means of the formula 
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we may deduce from the general formula of $ 15 the following 
results : 
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nl n 
TUNE. 
fe) EETA 2 2/ cosny 
o M cou enu 2m? cosy ? 


y being the modular angle. 

In these formulæ, in order that the integral may be finite 
it is necessary that n should lie between — 1 and 2 in the 
first, between — 2 and 1 in the second, between 0 and 1 in 
the third, and between 0 and — 1 in the fourth. 


$19. By putting n=} in the first formula, and n= — $ 
in the last, we find 


K DO ei 
J y (snu en u dn u) du = T ou. 
iu du b I“ (4) cosy 
o V(snecnu duu) T? cosy 


The right-hand members of these equations may also be 
expressed by 


20 and op 
cos y cosy 


respectively (p. 112). 


§ 20. These two results may also be deduced without 
difficulty from § 15, for, putting n = + in the formula of that 
section, we have 
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f Vnucnwdnw) du = R a 


27 (8) | 
Ah EE omms. 
Now, in the well-known expansion 
{1+ /(1—42)}"=2" fı -nt+ OT LES sd ede.) el &e.} ; 
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so that the value of the integral 


Edu qu ot oe 
TT V + cosy) 4T cosy 


as before. 
Similarly, putting n = - 1, 


du r(D 
a V(snuenudnu) 2r (4) 


f À h dul 

«presses (6) + er G) +807, 
and differentiating the expansion of (1 + /(1 — 4¢)}", 
[1-4(1-40]" os = (n= Dee 2 
whence, putting 4t= h, and n = $, 


CEA E LP 
Thus, the integral 


LT) W(t 4c0s9) _ 1°) costy 


2r (4) 2. cosy mt 2cosy 
as above. 


§ 21. In connexion with the results in § 18, the formula 


EC 1— cau) _ 7 sin dey 
— kk sinim 


| sdu | .—— — 
A l-renzu 


which was obtained in § 18 of the preceding paper (p. 118), 
mny be noticed. 
Putting 2u for u, and n for 21, this result gives 
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ne 


sn 


K sn" "y 
Value of | FUR du, $ 22. 
0 


§ 22. By putting n —1, 0, —n for m, n, p in the general 
formula of $ 2, we find 


r (Dr GG) 


K n-i 2 z 
[ RE 2 a fi FN D ES 
Ja du'u 9 nai TP 2,4 j 
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In $21 (p. 120) of the previous paper the same integral 
was shown to be equal to 


n n 1 
DENIS 


n+l me 
den 


The two results are easily seen to be in argreement, for, 
putting 2 —2 in the general formula, 


rar (e+) r (+2) n (2424) 


pra 


n 


S (O A a 
we have 
T (z) T (z 4 3) = 27m (2x), 


giving, when a= jn, 


"Yu t eoi: (5) 

rre rg)? vir (3), 

which is the formula obtained by equating the two values of 
the integral. 
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